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Transient Vibro-Thermography
and Nonlinear Resonant Modes
Transient vibro-thermography for nondestructive evaluation and super-resolution imaging
of material defects invariably employs nonlinear contact dynamics involving the ultrasonic
actuator (horn) and the surface of the target structure. It produces nonlinear resonant
modes of vibration in the target structural component. Vibration-induced heat generation
is one phenomenon involved here. However, the contribution of nonlinear vibration on
the thermal signature is poorly understood. In this study, we consider a metallic component
with a thin-walled cavity as a representative sharp feature tuned to the main excitation fre-
quency of the ultrasonic actuator. We have developed a mathematical model to simulate
transient thermal signature of structural discontinuity/cavity/defect. The model incorpo-
rates a coupled thermo-viscoelastic heat generation process in the bulk material based
on the Helmholtz free energy formulation. To capture the source of nonlinear resonant
modes, we incorporate the stick-separation contact dynamics due to the ultrasonic horn
and the target structural component. Commercial finite element simulation (COMSOL MULTI-

PHYSICS) is used to quantitatively understand the nonlinear vibration response and the
thermal transport behavior of the target structure with the cavity. The proposed model
accounts for the effects of both the normal and the shear components of deformation con-
tributing on heat generation and captures the nonlinear modal contribution on the heat flux
map. The study shows how the geometric feature and material parameters produce an evo-
lution of the nonlinear subsuper harmonics along with the primary harmonics tuned to the
excitation frequency. Results obtained from numerical simulations are compared with the
experimental results. [DOI: 10.1115/1.4046860]

Keywords: transient vibro-thermography, nonlinear, resonant modes, cavity, contact
dynamics, Helmholtz free energy, thermoelasticity, modal analysis, nonlinear vibration,
ultrasound

1 Introduction
Vibro-thermography is widely used in the nondestructive inspec-

tion of structural components, where the target specimen is excited
using a contact actuator, and thermal transport is measured using
thermal imager [1,2]. Thermoacoustics or thermosonics is one
type of the vibro-thermography phenomenon, where a part of high-
frequency waves gets converted into thermal energy and its thermal
signature can be detected using infrared imagers from the surface of
the object [3]. The high-frequency waves are typically generated by
acoustic or ultrasonic actuators. The ultrasonic actuators operate in
the frequency range of 20–40 kHz, and the central operating fre-
quency is tuned to typically the resonant frequency of the actuator
with its booster and a horn for contact at the front side to amplify the
input energy to the target structure. The nature of wave energy inter-
action across the contact surface and into the target structural fea-
tures and further conversion of the energy into heat energy due to
the material damping effect and geometric feature or defect are
the most important aspects in the design of the vibro-thermography
technique and interpretation of the thermal signature. Heat genera-
tion in the region of defects is quite different compared to that of the
surrounding bulk material regions with macroscale surfaces relative
to the wavelength. The corresponding change in the temperature
distribution in the specimen is monitored by an infrared imaging
camera [4–6]. This enables the detection and identification of the
features or defects of the size, which could be much smaller than
the elastic wavelength, which is due to the conversion of wave
energy into heat energy at the smaller scales of vibration or in
other words due to super-resolution properties. Studies report

potential of ultrasonic based transient vibro-thermography to iden-
tify defects in a metallic structure including inaccessible corrosion
defects [7,8], surface cracks [9], nonuniform thermal barrier
coating [10], etc. Delamination of layered media due to the
impact of damage and disbond between joints was identified
using the vibro-thermography technique at high frequency [11–
13]. This technique shows promising results in detecting such
defects; however, the accuracy and the reliability behind its poten-
tial capability have remained questionable.
Besides, numerous studies report the potentials of the vibro-ther-

mography technique as a nondestructive evaluation (NDE) tech-
nique; however, the heat generation process during this
phenomenon in the bulk of the material is not well reported. Differ-
ent hypotheses have been suggested in different studies. For
example, Farren and Taylor [14] employed a hardening model to
estimate the material plastic state and measured the heat energy
developed during the process by estimating the lag in temperature
between the thermojunction and the specimen. Mason et al. [15]
used a high strain rate model to estimate the thermal softening of
the material. Rosakis et al. [16] proposed a model of thermoplastic
heating by considering only the plastic part of the strain. Mabrouki
et al. [17] developed a numerical scheme for plastic deformation by
neglecting elastic deformation to correlate the vibro-thermography
test results. The heat generation models to understand the vibro-
thermography phenomena discussed earlier are empirically estab-
lished based on the experimental observations. The models
discussed earlier do not consider the contribution of all the compo-
nents of the strain. They also do not explain whether and when the
plastic strain is important compared to any viscous dissipation in the
bulk material particularly where the strain magnitude is small due to
the high-frequency vibration as in the case of transient vibro-ther-
mography. Therefore, more quantitative and systematic studies
using physically consistent modeling and simulation would help
to better understand the transient vibro-thermography and be a reli-
able NDE technique.
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In this study, Helmholtz free energy-based formulation is
employed to understand the influence of the strain rate components
as in full three-dimensional condition onto the heat generation from
the resonant cavity. Also, the nonlinear interaction between the
ultrasonic actuator horn and the target structure is captured.
Hence, we use a stick-separation contact dynamics model and simu-
late the evolution of the nonlinear response in terms of nonstation-
ary ultrasonic wave modes and the resulting thermal energy
localization in the cavity.

2 Mathematical Model and Simulation Scheme
The simulation scheme incorporates (a) a coupled thermo-visco-

elastic model of heat generation derived consistently based on
Helmholtz free energy formulation and (b) a stick-separation
contact dynamics model to capture the evolution of nonlinear phe-
nomena during vibro-thermography. The details of these models are
described in Secs. 2.1 and 2.2, respectively. The details of the finite
element simulation scheme are discussed in Sec. 2.3.

2.1 Coupled Thermo-Viscoelastic Model
. A recent study [18] in a thick slab with a flat bottom hole assumed
that heat generation in the bulk material is entirely only due to the
square of the in-plane strain, neglecting other strain components and
viscoelastic damping effect. In the present study, we have employed
a recently developed a generalized coupled thermo-viscoelastic heat
generation model based on the Helmholtz free energy formulation
[19]. The formulation naturally includes the contribution of each
of the shear strain rates associated with the viscous dissipation
and further couples the transient heat transport equation via the
heat flux term. We summarize the mathematical details below
with reference to further details in Refs. [19,20]. Applying the
first law of thermodynamics, the energy conservation equation in
rate form can be expressed as follows:

ρU̇ = ε̇ijσij +
1
V

dQ

dt
= ε̇ijσij + r − qi,i (1)

where U is the specific internal energy, a state function; ρ, V, qi, and
r are the density, volume, heat flux vector, and the specific heat
energy rate, respectively; σij and ɛij are the stress and strain
tensors, respectively; and dQ/dt is the total heat energy input rate.
The second law of thermodynamics in the form of Clausius–
Duhem inequality gives

ρṡ −
r

θ
+
qi,i
θ

−
qiθ,i
θ2

≥ 0 (2)

where s is the specific entropy, a state function, and θ is the absolute
temperature. From Eqs. (1) and (2),

ρθṡ − ρU̇ + ε̇ijσij −
qiθ, i
θ

≥ 0 (3)

The state functions specific internal energy (U ) and specific
entropy (s) from the first and second law of thermodynamics,
respectively, are expressed in terms of another state function
called Helmholtz free energy (ψ) as follows:

ψ = U − sθ ⇒ U̇ = ψ̇ + ṡθ + sθ̇ (4)

The Helmholtz free energy can be expressed using the physical
properties and constitutive law for a general inelastic material as
follows:

ψ = ψ (θ, εij − εieij ); ρ
∂ψ
∂εij

= σij − σvij;
∂ψ
∂θ

= −s (5)

where εieij is the inelastic part of the strain tensor and σvij is the
viscous stress. The viscous part of the stress can be approximated

in a constitute law as follows:

σvij = μijε̇ij (6)

where μij and ε̇ij are the coefficient of viscosity tensor and strain
rate, respectively. For a body that is assumed to be in the homoge-
nous state of deformation, dQ/dt = ρCpθ̇, σvij = 0, implies strain rate
ε̇ij = 0. Cp is the specific heat at constant strain. Substituting Eqs.

(4)–(6) in Eq. (3) and on further simplification gives −θ ∂2ψ
∂θ2

= Cp.
Fourier’s law of heat conduction gives the heat flux as follows:

qi = −kijθ, j (7)

Substituting Eqs. (4), (5), and (7) in Eq. (3) gives

ρCpθ̇ = (Kijθ,j), i + ρθ
∂2ψ
∂εij∂θ

(ε̇ij − ε̇ieij ) + (σij − σvij)ε̇
ie
ij + σvijε̇

ie
ij (8)

For a thermo-viscoelastic material, by expanding the Helmholtz
free energy ψ(θ, ɛij) in the Taylor series about a reference state (θ
= θ0) gives

σij = Dijkl(εkl − ε0kl) (9)

where Dijkl= ρ(∂2ψ/∂ɛij∂ɛkl), ɛ0kl= αij(θ− θ0), αij=Cijklβkl, and βij=
−ρ(∂2ψ/∂ɛij∂θ)0. The subscript notation ( )0 denotes the reference
state. Substituting Eqs. (6) and (9) in Eq. (8) and assuming isotropic
materials gives a coupled thermo-viscoelastic equation:

ρCpθ̇ =∇(k∇θ) − 3BαT(ε̇ii) + μ⊥(ε̇
2
11 + ε̇222 + ε̇233)

+ 2μ||(ε̇
2
12 + ε̇223 + ε̇213) (10)

where B and α represents the elastic bulk modulus and coefficient of
thermal expansion, respectively. μ⊥ and μ|| are the normal and the
shear components of viscosity coefficient tensor, respectively.
These coefficients are estimated by fitting an analytical model
with the experimental data obtained from a dynamic mechanical
test with the material specimen taken from the target structure
[21]. A lumped model of the standard linear viscoelastic solid is
used [22]. The terms μ⊥(ε̇

2
11 + ε̇222 + ε̇233) and μ||(ε̇

2
12 + ε̇223 + ε̇213)

are the normal and shear strain rate terms, respectively, which con-
tribute toward the heat generation in the bulk of material. This non-
linear model correlates the effect of in-plane and out-of-plane
components with the modes of heat generation.

2.2 Contact Dynamics Model. The literature has reported
various possible mechanisms responsible for the nonlinear har-
monics like subharmonics, super-harmonics, subsuper-harmonics,
and chaos, which may appear due to contact dynamics. Significant
effort and advancement have been made to understand the phe-
nomena involving a tuned single-frequency excitation. The
contact dynamic phenomenon is highly sensitive to different
parameters of actuation by horn contact on the target structure
such as excitation frequency relative to the resonance spectral
characteristic of the contact-free target component, the amplitude
of excitation, engagement force or static preload applied by the
actuator horn at the contact interface, and various other parameters
related to mechanical boundary conditions [23–26]. In our finite
element simulation scheme, we model the vibrating part of the
actuator at the contact region or the horn as an elastic cylinder
assuming that its own thermal signature does not interfere with
that of the target structure, particularly in the cavity region
during transient thermal signature measurement. The length of
the horn is chosen according to the frequency or wavelength
requirement with reference to the resonance spectral characteristics
of the contact-free target structure and the size effect due to the
feature or the cavity considered in the present problem. Details
regarding this aspect of frequency or wavelength tuning have
been discussed in our previous study [19]. We model the target
structure under the contact region entirely as a full 3D thermo-
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viscoelastic domain along with the appropriate mechanical and
thermal boundary conditions. The target structure is rigidly
mounted on a fixture. The high-frequency resonant mode shapes
of the target structure without the horn contact are captured accu-
rately with the help of optimal mesh discretization and time inte-
gration of the governing equations. This is to ensure that the strain
rate-dependent source terms for heat generation patterns are
obtained accurately. However, most of the studies reported in
the literature have considered lumped mass approximation. Han
et al. [27] and Zheng et al. [28] used lumped mass models to
understand the contact impact mechanism between the horn and
the target. The aforementioned lumped mass modeling scheme
cannot predict the vibration behavior of the target structure

accurately because the different resonant mode shape-induced
deformations of the target surface make the contact interface non-
uniform, and this effect cannot be modeled by lumped mass
approximation. Such a model mainly captures the dynamic
contact interaction assuming flat surfaces and ignores the material
and geometry effects of the source and the target. Moreover, the
results reported are sensitive to only the initial velocity and no
other parameters and spatial points of measurement, and therefore
a better model needs to be used.
During vibro-thermography, the ultrasonic actuator horn is

excited using a single-frequency sinusoidal signal along with a
static preload or engagement force [24]. The initial deformation
due to the engagement force compresses the contact interface, and
this state becomes the reference state before the transient vibration
starts due to horn excitation. If the resonant effect of the target
surface is ignored, a first approximation is that the horn will
remain in contact with the target structure during the compressive
part of the excitation cycle (stick condition) and will separate
from the target structure somewhere during the retraction cycle
(separation condition). Switching between these two states is via
a nonlinear change in the forcing condition. We further assume
that the actuator delivers the required force against the reaction
from the target surface, and it also follows the displacement
profile under no force as in the case of contact-free motion of the
horn. In summary, this is the main feature of the contact dynamics
model we have considered here. In our experiments, a coupling
material is introduced between the ultrasonic horn and the target

Fig. 1 (a) Free-body diagram of the ultrasonic actuator horn end
segment and the target structure at the contact interface and
(b) contact gap with the coupling layer modeled with spring
damper in the contact model

Fig. 2 Schematic illustrates an ultrasonic horn and ametallic component with the cavity used for
the transient vibro-thermographic simulation. (a) Dimensions of the target structure and (b) the
actuator used in the simulation. All dimensions are represented in mm. (c) Isometric and
(d ) enlarged backside view of finite element meshes used for simulation.
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structure to eliminate surface ablation of the target structure [29]. As
explained earlier, the end segment of the actuator horn is modeled as
an elastic cylindrical with mass (mc) (see Fig. 1). The inertial effect
of the remaining segment (mass mH) of the horn is introduced
through an equivalent dynamic force:

Fd = (mH − mc)u0ω
2sin(ωt) (11)

which ensures the driven displacement profile in the contact-free
condition, where u0 is the displacement amplitude of the input
port at the backside cut surface of the horn segment modeled as a
cylinder and ω is the excitation frequency in rad/s. The effective
axial force Fx=Fd+F0, where F0 is the engagement force (see
Fig. 1(a)). The stick-separation contact constraints are given as
follows.
Case 1: During the compression part of the cycle, to restrict the

horn from impinging on the target surface, a multipoint constraint
condition over the contacting surfaces is applied to enforce displa-
cement continuity, that is, if u(1)x ≥ u(2)x applied constrain:

u(1)x = u(2)x (12)

where u(1)x and u(2)x are the displacements of the horn surface and
target surface, respectively.
Case 2: During the retraction or separation part of the cycle, the

contact force (Fc) on both the faces of the contact region (horn and
target surfaces) is due to the coupling material, that is,

Fc = k(u(2)x − u(1)x ) + C(u̇(2)x − u̇(1)x ) if |u(2)x − u(1)x | ≤ hc

Fc = 0 if |u(2)x − u(1)x | > hc (13)

where hc, k, and C are the thickness, stiffness, and the damping of
the coupling material. The free-body diagram at the contact inter-
face is shown in Fig. 1(a). The effect of the coupling material is
not the focus of the current study, and hence, the effect of the cou-
pling material is neglected in the simulation. The surface of the
actuator horn is shown in Fig. 1(b) is constrained in the lateral direc-
tions (uy= uz= 0) to eliminate the problems of rigid body motion in
the lateral directions. Here, we also assume that the transient contact
dynamics does not produce traveling wave that travels along the
length of the horn and reflect to the contact region leading to addi-
tional effects. We also assume that the work done by the horn is
within the saturation limit of the power delivered by the actuator
and the actuator is stiff enough to produce the required force. The
developed model takes care of the nonlinear vibration phenomenon,
which is highly sensitive to excitation parameters such as excitation
intensity, frequency, and engagement force. The nonlinear evolu-
tion of the thermal signature is highly nontrivial and complex and
needs to be analyzed with the help of simulated and experimental
data in order to understand the role of the individual resonant
mode shapes.

2.3 Simulation Scheme. We implemented the aforementioned
mathematical model in the commercial finite element software

Table 1 The values of various parameters used in the
simulation

Parameters Values

Engagement or static force (F0) 266.8 N
Mass of cylinder (segment of horn) (mc) 0.0078 kg
Mass of horn (mH) 0.1026 kg
Excitation frequency ( fexc) 30 kHz
Coefficient of convective heat transfer (h) 25 W/(m2K)
Stefan–Boltzmann constant (σ) 5.670367× 10−8 (W m−2 K−4)
Normal coefficient of viscosity 170.3 Pa·s
Shear coefficient of viscosity 64.02 Pa·s

Table 2 Eigen frequencies in the frequency ranges of 1–10 kHz,
20–35 kHz, and 58–70 kHz are shown in columns 2, 3, and 4,
respectively

Sl.
No

Eigen frequencies
(kHz) (1–10 kHz)

Eigen frequencies
(kHz) (20–35 kHz)

Eigen frequencies
(kHz) (58–68 kHz)

1 1.670 20.319 58.719
2 2.543 21.109 58.887
3 4.890 22.532 59.280
4 5.781 22.561 59.705
5 8.819 23.334 60.218
6 8.845 24.739 60.749
7 – 25.272 61.006
8 – 25.318 61.177
9 – 25.408 61.868
10 – 26.644 62.016
11 – 28.902 62.037
12 – 29.040 62.422
13 – 30.531 63.409
14 – 31.004 63.951
15 – 31.037 63.980
16 – 31.1142 64.059
17 – 31.704 65.447
18 – 33.458 65.978
19 – 34.142 66.115
20 – – 66.447
21 – – 67.074
22 – – 68.022
23 – – 68.382
24 – – 69.055
25 – – 69.181
26 – – 69.515
27 – – 69.582

Fig. 3 Normalized resultant displacement mode shape on (a)
the surface of the target structure and (b) the backside wall
with normal zoomed view of the cavity at an Eigen frequency of
30.531 kHz

Fig. 4 Spectrogram showing the time–frequency map of
surface normal displacement response at point “A,” which is
located at the center of the resonant cavity sidewall (see Fig. 2(a))
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COMSOL MULTIPHYSICS. Simulations using the developed model are
performed to quantitatively understand the vibration and the
thermal transport behavior in the target structure with the resonant
cavity. Figure 2(a) shows the dimensions of the target structure,
which is a thick plate with a cavity. The mechanical and the
thermal boundary conditions are as follows: mechanically fixed
boundary condition at the base ux= uy= uz= 0 and thermal insu-
lation q̇ = 0 at the base, black body radiation condition ξ= 1 on
the front surface, and surface emissivity of ξ= 0.09 assuming
6024 Aluminum alloy on rest of the surfaces. The dimensions
of the resonant cavity are tuned with respect to excitation fre-
quency and wavelength [19]. On all surfaces except the base

region, thermal boundary conditions such as a convective and a
radiative heat flux boundary conditions are applied together as
follows:

q̇ = h(θ − θ0) + ξσ(θ4 − θ40) (14)

where h is the coefficient of convective heat transfer, σ is the
Stefan–Boltzmann constant, and θ0 is the ambient temperature.
For the case of transient finite element simulation, the element
size and the time integration step are estimated according to the
Courant–Friedrichs–Lewy criteria to obtain a converged solution.
The maximum size of the tetrahedral finite element is set to one-

Fig. 5 Spatiotemporal transient surface heat flux map obtained from simulations in the region of cavity at dif-
ferent time stamps: (a) 0.1 ms, (b) 0.15 ms, (c) 0.5 ms, (d ) 0.9 ms, (e) 1.6 ms, (f ) 2 ms, (g) 3.8 ms, and (h) 5 ms

Fig. 6 Spatiotemporal transient thermal transport pattern obtained from experiments in the region of cavity at
different time stamps: (a) 0.14 s, (b) 0.44 s, (c) 0.46 s, (d ) 0.48 s, (e) 0.52 s, ( f ) 0.54 s, (g) 0.56 s, and (h) 0.8 s
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tenth of the wavelength (λ) of the propagating guided elastic
wave in the plate for an excitation frequency of 30 kHz. The
finite element mesh used for simulation is shown in Figs. 2(c)
and 2(d ). The details of the calculation procedure can be found
in the Ref. [30]. The various parameters and corresponding
numerical values used in the simulations are given in Table 1.

3 Results and Discussion
In the present study, the dimensions of the cavity (as shown in

Fig. 2(a)) are tuned using the concept of resonance due to the wave-
length scale effect for an excitation frequency of 30 kHz [19]. The
method was developed by Nag et al. [31] to identify delamination
and estimate its size. That study reported amplification of elastic
waves at the delamination, when the delamination dimensions
matched with an integral multiple λ/2. λ can be optimally tuned
with the thickness of the structure based on the theory of elastic
guided wave propagation (see Refs. [32], [33] and references
therein). The literatures has indicated one order higher magnitude
of out-of-plane displacement compared to its corresponding

in-plane displacement, as the target structures were excited out-
of-plane in most cases. In our present study, we consider excitation
induced longitudinally at one edge of the thick plate and therefore
initial wave modes localized around the excitation region are
expected to be predominantly longitudinal. To amplify the out-
of-plane vibration in the cavity, the cavity is designed asymmetri-
cally with respect to the mid-plane using the thin sidewall of the
cavity, leading to longitudinal flexural–shear coupling around the
cavity. The dimensions of the cavity are tuned to its bending or flex-
ural wavelength to obtain a flexural resonance in the cavity. Kolap-
pan Geetha et al. [19] used this concept to maximize the temperature
rate in a resonant cavity.
To validate the effectiveness of the chosen dimensions of the

cavity based on the aforementioned procedure, an Eigen frequency
analysis is performed on the target specimen (as shown in Fig. 2(a)).
Simulations are performed on the target specimen, where the
dimensions of the cavity are tuned with respect to the wavelength
(λ= 25.4 mm) corresponding to the excitation frequency of
30 kHz. Eigen frequencies obtained for different frequency ranges
of (i) 1–10 kHz, (ii) 20–35 kHz, and (iii) 58–70 kHz are shown in
Table 2. The normalized resultant displacement mode shapes of

Fig. 7 (a) The transient heat flux map obtained from the simulation at 0.15 ms (see Fig. 5(b)), (b)
the frequency spectrum obtained for the time window 0.1–0.3 ms (shown in Fig. 3(d )), and (c)–( f )
the normalized resultant displacement mode shapes obtained in the region of cavity for Eigen fre-
quencies at (c) 21.109 kHz, (d ) and (e) 28.902 kHz, and ( f ) 66.115 kHz
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the resonant cavity for an Eigen frequency 30.531 kHz are shown in
Figs. 3(a) and 3(b). The Eigen frequency analysis clearly indicates
the presence of fundamental flexural resonance mode for the chosen
dimensions of the cavity.
The time history and the spectral components analyzed at point

“A” (Fig. 2(a)) in the cavity are shown using a spectrogram (see
Fig. 4). The spectrogram is a time–frequency plot, where the ampli-
tude is represented by the color intensity. The spectrogram in Fig. 4
shows the presence of subsuper-harmonics. There can be three types
of harmonics in displacement or velocity spectrum: (a) subharmo-
nics, which are the harmonics of the first kind with frequencies,
which are fractions of the excitation frequency; (b) super-
harmonics, which are the harmonics of the second kind with the fre-
quency of integral multiples of the excitation frequency; and
(c) ultra-subharmonics, which are the harmonics of the third
kinds, which are kinds of subharmonics but appear in the higher
side of the spectrum higher than the excitation frequency. These
nonlinearities can exist alone or in a combined form. These nonlin-
ear effects generated in the target structure are highly sensitive to
the input energy, location, and magnitude of engagement force
applied on the horn and the boundary conditions of the target. In
the present study, the nonlinearities introduced during the contact
phenomenon gets coupled to the material and geometric effects

even when the actuator is sharply tuned for single-frequency exci-
tation (as shown in Fig. 4).
Simulations are performed using the developed model to obtain a

spatiotemporal heat flux map in the region of cavity as indicated in
Figs. 1 and 3(a). The spatiotemporal thermal transport contours
obtained from simulations at various instances of time in the
region of cavity are shown in Fig. 5. There is a continuous heat
exchange between the cavity and the sidewall, where the later
acts as a sink (see Fig. 5(h)). The total heat capacity (ρCp) in the spe-
cimen remains nearly constant, but the volume in the cavity is far
less compared to the surrounding area. In the cavity, there is a con-
tinuous heat flux exchange between the adjacent points until a
steady state is reached. This is observed as apparent cooling-like
phenomenon in the transient heat flux. The spatiotemporal heat
flux map gives a detailed insight regarding the transient heat flux
in the region of cavity. To compare the simulation results,
thermal images are obtained from the aluminum plate with the
thin wall cavity using an infrared camera (FLIR SC6700), with a
frame rate of 50 frames/s. The sample is black painted on the
front surface to achieve emissivity ξ= 1 as in simulation. During
experiments, the infrared camera is focused on the region of interest
(region with a cavity). The raw images obtained directly from infra-
red camera are postprocessed with thermographic signal

Fig. 8 (a) The transient heat flux map obtained from the simulation at 0.9 ms (see Fig. 5(d )), (b)
the frequency spectrum obtained for the time window of 0.8–1 ms (shown in Fig. 3(d )), and (c)–(g)
the normalized resultant displacement mode shapes obtained in the region of cavity for Eigen fre-
quencies at (c) 20.319 kHz, (d ) and (e) 28.902 kHz, ( f ) 62.037 kHz, and (g) 66.115 kHz
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reconstruction (i.e., first derivative image) to provide spatiotem-
poral thermal transport pattern in the region of interest with a reso-
lution of 640 × 512 pixels. The intensity of the pixel is given in
black and white scale in the range of first derivative data. Here,
the white region indicates the temperature increase (i.e., positive
slope of fitting curve on temperature data) and dark region indicates
the temperature drop (i.e., negative slope of fitting curve on temper-
ature data). The spatiotemporal thermal transport contours obtained
from the experiment at various instances of time in the region of
cavity are shown in Fig. 6. Note that the simulation of vibro-ther-
mography involves high-frequency vibration phenomenon com-
bined with slow thermal transport process. Therefore, the present
approach of simulation necessitates time marching for both high-
frequency vibration and slow thermal transport simultaneously
with fine time-steps, which is time consuming and computationally
expensive. Hence, experimental images in Fig. 6 provide only a
qualitative comparison of thermal transport contour to the simula-
tion results in Fig. 5.
To better understand the transient heat generation behavior, a

correlation with the vibration characteristics is essential. For this
purpose, the resonant mode shapes at various Eigen frequencies

are simulated and correlated with the thermal transport contour.
The time windows corresponding to the transient heat signature
at 0.15 ms (Fig. 7(a)), 0.9 ms (Fig. 8(a)), and 2 ms (Fig. 9(a))
are 0.1–0.3 ms, 0.8–1 ms, and 1.9–2.1 ms, respectively (see
Fig. 4). The spectral components corresponding to these time
windows are shown in Figs. 7(b), 8(b), and 9(b), respectively. Per-
forming spectral analysis at different time windows clearly indi-
cate the presence of other resonant modes or the relative change
in the amplitude of the same spectral components. Furthermore,
the normalized resultant displacement mode shapes corresponding
to the Eigen frequencies are shown in Figs. 7(c)–7( f ), 8(c)–8(g),
and 9(c)–9( f ), and it shows that modal patterns strongly correlate
with the thermal transport pattern. The normal and shear strain
mode shapes corresponding to these resonance components are
shown in Fig. 10. A close observation of the transient heat flux
clearly confirms the contribution of the in-plane shear mode
shapes (see top-right corner of Fig. 7(a)). The resonant mode
shape corresponding to 28 kHz depicts an in-plane shear mode
in the region of cavity. Vibro-thermographic images show that
each resonant mode contributes to the transient heat flux and
their superposition in the region of cavity.

Fig. 9 (a) The transient heat flux map obtained from the simulation at 2 ms (see Fig. 5( f )), (b) The
frequency spectrum obtained for the time window 1.9–2.1 ms (shown in Fig. 3(d )), and (c)–( f ) the
normalized resultant displacement mode shapes obtained in the region of cavity for Eigen fre-
quencies at (c) 20.319 kHz, (d ) and (e) 28.902 kHz, and ( f ) 31.04 kHz
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4 Conclusion
In this paper, we report the influence of the resonant modes on

the thermal signature obtained during transient vibro-thermogra-
phy. The observations from the simulations and the experiments,
involving ultrasound applied to a structure with a resonant
cavity, are discussed. The computational model incorporates
(i) a thermoelastic coupled heat generation process derived based
on the Helmholtz free energy and (ii) the nonlinear stick-
separation contact dynamics due to the nonlinear vibration intro-
duced in the ultrasonic horn and the target structure. The thermo-
elastic model considers the effects of both normal and shear
components and can capture the nonlinear modal contribution on
the heat flux map. Furthermore, it shows how the nonlinear
harmonics-induced spectral characteristics of the horn contact
region gets coupled with the specimen with its shape and material
effects and those of the cavity via longitudinal flexural–shear wave
mode conversion/coupling. The responses are decomposed into
modal contributions to understand the heating effect from the
strains developed in each mode shape. Some of the resonant
modes in the cavity have a strong influence on the thermal signa-
ture. A cooling-like modulation phenomenon was observed, which
is identified to be due to the continuous exchange of thermal
energy across the cavity edges till a steady state is achieved.
The results obtained from simulation and experiment provide an
insight into the generation of transient heat flux map using super-
position from different modal frequencies. The phenomena
observed here may find potential application in designing
thermoacoustics-based nondestructive imaging.
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